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Syllabus - General Information

This courseis an introduction to the analysis, description and modeling of geospatial data. The
practical applications of software tools, underlying theory, and the correct application of these
tools is emphasized through the use of various software (including GIS software) to analyze and
model data. Although geologic applications and examples are emphasized, the concepts, theory,
and software are intended to be equally applicable across disciplines, and students are expected
to bring a data set (preferably thesis-related) to class, to be analyzed as aterm project.

Prerequisites for the course are an introductory statistics course or permission of the instructor,
and familiarity with computer manipulation of data. Knowledge of ArcView or other GIS
software is encouraged but not necessary. All course software will be on a PC platform, so that
students must be familiar with PC computing. Both Windows and DOS (command line driven)
software will be utilzed.

Selected material will be on library reserve, and some available for checkout from the
instructor; assigned readings will be used to stimulate in-class discussion, and all students will
research, present, and lead a class discussion on a published article of their choosing, focusing on
concepts and applications of geostatistical analysis, kriging, or stochastic simulation.

Two 80-minute lectures plus one-hour computer lab per week. Office hours. one hour after
each class and by appointment. Textbook: |saaks and Srivastava (1989).

Grading will be based on:

40% - weekly computer lab problem sets

30% - term project, oral presentation, and final report

15% - analysis, oral presentation, and classroom discussion of published literature
15% - class participation in discussion of assigned readings

Week Material

1-3 Univariate statistics review, regionalized variables, exploratory data analysis
4-6 Quantification of spatial continuity: variogram analysis

7-9 Spatial estimation: kriging, indicator kriging

10-13 Spatial simulation (indicator-based, conditional) and applications

14-16 Probability mapping; scaling issues; term project presentations

Assigned Readings from: (* on Obeler Library reserve; + check out from instructor; # web access):
General statistics references:

* Till, Roger (1974) Statistical Methods for the Earth Scientist; Wiley, NY

* Cheeney, R.F. (1983) Statistical Methods in Geology; George Allen & Unwin, Boston

* Koch, G.S. and Link, R.F. (1971) Statistical Analysis of Geological Data, Vol. 1, 2; Wiley, NY
Geodtatistics (G), kriging (K), stochastic simulation (S), and software (W) references:

* |saaks and Srivastava (1989), Introduction to Applied Geostatistics, Oxford Univ. Press, (G, K; superb)
+ Deutsch and Journel (1997) Geostatistical Software Library and User’s Guide, Oxford (W)

+ Goovaerts, P. (1997) Geostatistics for Natural Resources Evaluation, Oxford (G, K, S; theory focus)
# Houlding, S.W. (1999) Practical Geostatistics, Springer (G, K, S)

* Clark, 1. (1979) Practical Geostatistics, Applied Science Publishers (G, K; mining focus)

* Yarus, JM. and Chambers, R.L. (1994) Stochastic Modeling and Geostatistics, AAPG (G,K,SW)
Pannatier, Y. (1996) VarioWin: Software for Spatial Data Analysisin 2D, Springer (W)

Armstrong, M. (1998) Basic Linear Geostatistics, Springer (G, K)

Kitanidis, P.K. (1997) Intro to Geostatistics: Applications in Hydrogeology, Cambridge U. Press (G, K)




Syllabus - Outline of Course Contents

Overview, Course Topics and Case Study:

Overview of applications and techniques to be covered in the course: univariate and multivariate
statistics; spatial continuity analysis; estimation; simulation. Overview of spatial statistics,
estimation, and modeling via an example.

Exploratory Data Analysis.

Statistical summarization, analysis, mapping of the data set, histogram and probability
distibution, correlation in multivariate data, data transformations (logarithmic, indicator,
normal-score, rank-order); software use and applications

Quantification of Spatial Continuity:

Calculation of experimental variograms, fitting models to experimental variogram, concepts of
anisotropy and nested structuresin variograms, other techniques for defining spatial variability
(indicator, covariance), spatial co-variability of multiple variables; application of basic variogram
analysis and modeling software.

Spatial Estimation (Kriging):

Review of techniques available for spatia estimation, explanation of the concepts of a 'best’
linear unbiased estimate, introduction to the kriging system of equations, use and misuse of
kriging variance, application of basic kriging software.

Stochastic Simulation:
Simulation vs. kriging, adaptation of the kriging system of equations to simulation, theory and
application of basic gaussian and indicator simulation algorithms.

Scaling and Sample Support:

Impacts of discrepancy between measurement and estimation scales; examples of the effects of
scale, accounting for scale discrepancies with analytical techniques, numerical techniques for
addressing scale issues (block kriging, averaging techniques).

Application of Analysis of Uncertainty:

Concepts of probability of exceeding athreshold value and probability mapping, incorporation of
gpatial uncertainty into predicted outcomes of physical processes and human activities; creating
probability maps through estimation versus simulation




Detailed Outline of Cour se Contents:

Overview, Introduction, Course Topics. Presentation and review of applications of the techniques
to be covered in the course (univariate and bivariate statistics; spatial continuity analysis,
estimation; simulation). Overview of the course via an example.

Key concepts: Basic Univariate & Bivariate Statistics Review in Till (1974) -

measur ements and scales of (p. 1-6); cf sample size vs population variance; processes,
probability (p.7-11); randomness vs Markov processes; transition probability matrices (p.11-15)
cf. spatial correlation; describing distributions, population vs sample distribution, pdf vs freg.
density function (p.17-25), cdf vs cum. density function; normal and lognormal distribution;
standard normal deviate z ; std.normal tables (p.30-45); t-distribution, F-distribution, c?
distribution (p.56-75); hypothesis tests (p.56-66); propagation of errors (p.78)

param vs non-parametric statistics (p.117 ff.); correlation, closure problem (Davis, p.79-83)

Exploratory Data Analysis:

The need for basic statistical summarization, analysis, mapping of the data set, histogram and
probability distibution, correlation between multivariate data, data transformations (logarithmic,
indicator, normal-score, rank-order); software applications

Quantification of Spatial Continuity (Variogram Analysis):

Calculation of experimental variograms, fitting models to experimental variogram, concepts of
anisotropy and nested structuresin variograms, other techniques for defining spatial variability
(indicator, covariance), spatial co-variability of multiple variables; application of basic variogram
analysis and modeling software.

See Pannatier, Ch. 2 ff.

Spatial Estimation (Kriging):

Review of techniques available for spatial estimation, explanation of the concepts of a "best"
linear unbiased estimate, introduction to kriging system of equations, explanation of kriging
variance, application of basic kriging software.

See Isaaks and Srivastava: estimation (Ch. 8); random functions (p.218-231) and variogram
modeling (Ch. 16); point vs block kriging (pp.278 & 323); intuitive look at ordinary kriging
(p.299-313) and cross-validation (Ch. 15); indicator variables, limitations of estimation by
averaging (p.417-428)

Key Concepts. Introduction to Estimation, Kriging in Isaaks & Srivastava (1989)

tools, methods of spatial correlation analysis (ch. 1); bivariate statistical description (ch. 3);
gpatial data description by map summaries (p.40-50 & ch. 6 application); descriptors of spatial
correlation (p.51-65 & ch. 7 application)



Stochastic Simulation: the similarities and differences between simulation and kriging,
application of basic gaussian and indicator simulation software, concept of a transfer function
and its use in conjunction with simulation

See chapter 5 introduction in Deutsch and Journel

Scaling and Sample Support:

Impacts of discrepancy between measurement and estimation scales; examples of the effects of
scale, accounting for scale discrepancies with analytical techniques, numerical techniques for
addressing scale issues (block kriging, averaging techniques).

See Isaaks and Srivastava: sample support p.458-468

Analysis of Uncertainty:

Concepts of probability of exceeding athreshold value and probability mapping, incorporation of
gpatial uncertainty into predicted outcomes of physical processes and human activities; creating
probability maps through estimation versus simulation




Basic Statistics Review

Know and understand all underlined terms and how to calculate or otherwise represent them !

Classical Univariate Statistics: the analysis, modeling, and prediction of a variable on the
assumption that all samples are independent of each other (i.e. no regard for a sample's position
in relation to other samples - either spatially or temporally), and making predictions on the
likelihood of afuture outcome based on that variable.

e.g. fitting anormal probability distribution model to a histogram, then determining the
probability that a specified threshold will be exceeded in future sampling (examples: ore grade,
elk population, areal density of lodge pole pines)

Basic statistical terminology:

(global) population, sample (population) - frequency distibution (= histogram), "pdf', cfd’, 'cdf’
expected value (central tendency) - mode / median / mean(s)

dispersion - range / variance / standard deviation / rms deviation / quartiles/ skewness/ kurtosis
parametric statistics vs. non-parametric statistics - normal distribution (Gaussian); other types
stationarity (single population) - unimodel / bimodal / multimodal

Gaussian distribution statistics:
expected value - arithmetic mean
dispersion - variance/standard deviation
shape - skewness, kurtosis = 0.0

Other general knowledge:

transformations - standard normal deviate / use of Gaussian pdf tables

statistical hypotheses, tests -  t-tests of normality, similarity, and mean / K-Stest / c*-test
bivariate statistics - regression, variances of variables, covariance, statistical tests of regression




Self-Evaluation Quiz:
Note: if you cannot answer questions (a) through (h), this course may present difficulties!

a) what is the name for the expected value of a Gaussian probability distribution?

b) what is the measure of dispersion used to characterize the shape of a bell-shaped probability
distribution?

¢) what values of skewness and kurtosis would a normal probability distribution have?

d) what isalog-normal probability distribution? which of the following most closely
appoximates the mode of alog-normal distribution: arithmetic mean, geometric mean, harmonic
mean?

€) what percentage of samples fall between the 25th and 75th quartilesin a normal population?

f) what test could determine if two sets of measurements were drawn from Gaussian populations
with approximately the same variance but statistically different means?

g) ahistogram of a sample of water hardness found in SE Idaho wells shows two peaks at about
160 mg/l and about 900 mg/I; is this evidence that hardness can be modeled as a statistically
stationary population in this domain?

h) Given the following histograms of temperature measured in two small adjacent lakes, apply a
suitable (quantitative) statistical test to evaluate the hypothesis that both sets of temperatures are
drawn from the same population.

LakeA: Lake B:
T,°C Freqg. T,°C Freq.
12 1 12 1
13 2 13 5
14 2 14 5
15 4 15 4
16 5 16 2
17 4 17 2
18 1 18 1
19 1 19 0
n=20 n=20
mode = ? mode = ?
mean = ? mean = ?
variance = ? variance = ?

i) Infact, both lakes overlie the same aquifer and are fed by the same ground water source (12
°C) and are the surface expression of the water table. How, then, could the temperature data
portray such adifferent picture?



Univariatevs. Multivariate Data and Geostatistics

Univariate observations - asingle, dependent variable measured in an item drawn from a
population (e.g. gold assays in rock samples) and analyzed without regard to position

Multivariate observations - a single variable measured with respect to the independent
variables of position; or two or more variables measured in individual items without
accompanying position information (e.g. gold assaysin rock samplesreferenced to x, y, z
position; water levelsin awell referenced to temporal “position”; gold, silver, sulfur and
copper assays in one or multiple samples, measured with or without regard to position)

Geostatistics - the analysis and modeling of 'spatial (or geospatial)' data (data distributed in space
or time); aka'Spatial Statistics, 'Spatial Data Analysis; e.g. statistical interpolation via
regression; spatial estimation and simulation of aregionalized variable

e.g. chemical rock composition data, physical attributes, and all GIS (spatial) data are
multivariate. A univariate variable measured at the same x,y,z coordinates at different times also
can be treated as a multivariate variable (e.g. the water level, Z;, in the same well, i, measured at
three different times, t, becomes three variables, Zi[t], Zi[ty], Zi[t3] ; time-series measurements of
Z at asinglelocation is bivariate, with “position” represented by time as independent variable)

Geospatial datatherefore is atype of multivariate data wherein there may be only one variable of
interest (the dependent variable) but whose values are related to position (independent variables
of location and/or time), or in which multiple dependent variables are related to position

Note that multivariate data can be analyzed as univariate observations with univariate statistics
by considering one variable at atime. But where data are multivariate, the interrel ationships
between the variables can be exploited to learn more of the relevant physical processes, and
analyzed using avariety of multivariate statistical methods (e.g. multiple linear regression,
generaized analysis of variance, discriminant analysis, factor analysis, canonical correlation,
stereographic analysis, cross-variogram anaysis, cokriging, etc.)

Geostatisticsis a class of statistical methods that considers the interrelationship between a
dependent univariate variable and the independent variables of position (x,y,z or time), OR the
interrel ationships among two or more dependent multivariate variables and position. It can
therefore handle both types of data

Geostatisticsis useful for identifying the spatial structure of univariate variables, OR the spatia
dependencies among multivariate variables

Spatial Modeling predicts behavior on the basis of avariable’s variation at measured locations,
OR on the basis of the variation of other variables measured at the same or other locations



When used in amultivariate sense, Spatial Statistics and Spatial Modeling rely on the spatial
dependencies among variables, unlike other multivariate methods which rely directly on
inter-variable dependencies without regard to spatial dependencies

This course does not deal with other multivariate methods such as multiple linear regression,
discriminant analysis, or factor analysis. See Koch and Link (1971), Volume 2, Chapter 10, for
an excellent summary of the concepts in (non-spatial) multivariate data analysis and good
introductions to these multivariate methods of analysis



Week 1 Lecture Materials - Introduction, Definitions, Software, Basic Statistics Review

1. What is Geostatistics?

- Geostatistics is the name associated with a class of specialized statistical techniques used to
analyze and estimate values of a variable which are distributed - and physically correlated - in
space or time, as are most geoscience data and GI S data.

- The analysis of such a correlation is usually called a"structural analysis' or "variogram
modeling." From a structural analysis, predictions of the value of the variable can be made at
unsampled locations using "kriging" or "stochastic simulation." This approach is most useful
where the processes responsible for generating the measured variable are unknown or too
poorly constrained to permit construction of a quantitative process model to make spatial or
temporal interpolations or predictions.

- The overall sequence of stepsin atypica geostatistical study include:

(a) exploratory data analysis (understanding the spatial character of the variable)
(b) structural analysis (determining the spatial correlation or continuity of the data)
(c) making estimates (kriging or ssmulations to predict values at unsampled locations)

2. Some Basic Definitions:

- probability: the expectation of an outcome of a random event or measurement

- stochastic: synonymous with probabilistic

- dependent variable: a qualitative or quantitative measure of a physical attribute

- (global) population: all possible measurements of a variable or outcomes of a process

- sample (population): aset of measurements or outcomes drawn from a (global) population

- item (or event):a single outcome or measurement (uivariate) or related outcomes (multivariate)
in asample; (see Cheeney, p.7): aspecimen is an event; a sampleis an experiment in which
multiple specimens are collected; the population from which the sample is drawn is the ensemble
of all possible specimens, about which we attempt to estimate the mean, variance, etc. from the
sample's statistical characteristics

- regionalized variable: a dependent variable described by spatial or temporal position
- geostatistical analysis: evaluation and summarization of aregionalized variable' sinterrelation
with itself or other dependent variables in space or time

3. Additional Definitions:

- variance: the variation of a single variable about its mean

- covariance [asin bivariate regression] : thejoint variation of two correlated variables about
their common mean

- (auto)Covariance [as in geostatistics] : the variation of a single regionalized variable

- cross-Covariance [as in geostatistics] : joint variation of two correlated regionalized
variables

- correlation structure: a statistical description of the Covariance of aregionalized variable

- kriging: a statistical weighting procedure producing a best linear unbiased estimate of a
regionalized variable at unsampled locations, and the variance or statistical uncertainty of
the estimates

- stochastic ssimulation: a probabilistic model depicting the local variability of aregionalized
variable superimposed on the regional spatial variability described by kriging
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4. Kriging vs Simulation:
- kriging is linear interpolation; best, unbiased estimator of global variability
- honors global statistics and local data
- produces smoothed representation
- quantifies statistical uncertainty at estimated locations
- used for best estimation of expected values
- simulation is probabilistic representation of local variability
- honors global and local statistics and local data
- reproduces local variability
- used to represent local variability/uncertainty; incorporating other information;
guantifying effects of estimation uncertainty via atransfer function
- both methods can incorporate and honor different types of hard data, but only simulation can
incorporate soft information and other constraints (eg: physical geometry)

5.Library Reference Sources
- Basic statistics for geologists: Till (1974) and Cheeney (1983) are highly recommended for
their clear presentation of concepts and methods, using geologic data as examples.
- Geogtatistics: Clark (1979) is an easy-to-read conceptual-level introduction (doesn't touch on
simulation). Isaaks and Srivastava (1989) and Hohn (1988) are excellent quantitative books for
the beginner or experienced user, covering only variograms and kriging. More advanced
mathematical treatments are found in Cressie (1993) and in Journel and Huijbregts (1978).
Although not on library reserve, Deutsch and Journel (1992, 1998) and Goovaerts (1997) are
written as companion texts and are highly recommended for the most up-to-date software
applications and theory, respectively, for many facets of geostatistics analysis, estimation and
simulation, at an intermediate level.

6. Software Overview

- StatM ost (Windows): general-purpose, univariate / multivariate statistical analysis (non-spatial
data); pros: user-friendly interface, flexible, automatic creation of test distributions, good on-line
Help; cons: some limitations, errors in Help file figure/table numbering

- 3Plot32 (Windows): summarization, plotting and analysis program for exploratory data analysis
in 2-D; pros: easy to learn, good on-line Help, moving window statistical analysis, classified post
plots; cons: limited capabilities and uses, some bugs

- Surfer (Windows): data plotting, contouring and simple kriging program for 2-D spatial data;
pros: easy to learn interface, good graphics and output capabilities, classified post plots, kriging
estimation is user-specified (to adegree), capable of kriging with drift, good on-line Help
documentation; cons: demo version can't savefiles, kriging option produces only best unbiased
estimator (not kriging variance), user has only limited control over kriging process

- VarioWin (Windows): pros. excellent 1- and 2-D variogram calculation and modeling program
for spatial data; pros: highly interactive data interface, easy to learn, good graphics, excellent
interactive handling of data outliers, good documentation; cons: will not handle 3-D data, no
on-line documentation in v.2.2 (although v.2.1 Help can be accessed separately)

- GeoEas (DOS): 1- and 2-D variogram calculation / modeling and kriging program for spatial
data; pros: powerful yet flexible capabilities, easy to learn menu-driven program structure,
univariate statistical analysis, flexible and interactive variogram cal culation / modeling, excellent
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for interactive 2-D kriging and cross-validation; cons. poor print/graphics output capabilities
(DOS interface), will not handle 3-D data, limited handling of data outliers, paper documentation
fair to good but hard to find information

- GSLIB (DOS): powerful and flexible suite of FORTRAN programs for spatial analysis,
estimation and simulation of 1-, 2- or 3-D data; pros. complete functionality for al aspects of
variogram analysis/ modeling, kriging and simulation; source code allows user modification for
custom applications; excellent documentation of all programsin atextbook form that isalso a
valuable teaching tool for intermediate-to-advanced students; latest program versions include
postscript file output, for faster viewing of modeling results; cons: programs must be compiled
(slight knowledge of FORTRAN is required to modify array sizes and for compiling/linking); no
interactive capability unless programs are modified to make use of FORTRAN graphical routines
or are called from custom applications written in Visual Basic or other GUI; graphic output isvia
2-D postscript files viewable with third-party software

7. Data and Measurement Scales (Till, p.3-5):

- qualitative to highly quantitative orders of measurement

- nominal scale = categorization into different classes (classes and scales are arbitrary)
eg: different color classes, mineral types

- ordinal scale = ranking into a sequence of classes (class sizes are arbitrary or constant)
(eg: Moh's hardness scale; 1-9 or A-1 could be used aslong as rank order is preserved;
categorization of permeability into high, medium and low groups)

- interval scale = equal-length classes, arbitrary zero (eg: °C, °F temperature scales; )

- ratio scale = equal-length classes, true zero (eg: °K temperature scale; permeability; Si content)

- nominal and ordinal scales are measured by “attributes’ with discrete values,
interval and ratio scales are measured by “variables’ having continuous range of values

- nominal scaleis historical basis of natural sciences (classification); extremely useful; higher-
order scales necessary only when required by the problem at hand

- ratio scale is the most versatile, permitting the most rigorous statistical tests, but it is not always
required; ie. make quantitative measurements only when necessary

- data can always be collected at a higher-order scale and analyzed on lower-order scales

- eg: graphical presentation of data: (Till, p.17-22; Cheeney, p.11-17) classification of ordinal
and higher data into bins or classes

- support 'volume' (size of the representative 1-, 2-, or 3-D space over which a measurement or an
estimate is made); e.g. pixel size for spectral images; ore assay on a chip sample vs. a 50-ton
truckload sample; contour estimation built on 10-meter vs. 1000-meter grid estimates

8. Purpose of Measurements:

- to obtain descriptive statistics or make statistical inferences (eg: to summarize variability and
the nature of spatial relationships, or to make predictions or estimates)

- sample = set of specimens/events/measurements; universal vs. sample population (Till, p.47)

- systematic vs. random samples: practicality (availability) vs. unbiasedness in geodata
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- sampling steps (Till, p.51 - “sampling islike religion: all are for it, no one practicesit”):

1. develop a conceptual framework: purpose of the sampling campaign, expected population
to be encountered, types of variables (continuous, categorical), expected sources of
variability

2. form aworking statistical model based on the conceptual framework (eg: normal pop’n)

3. choose a suitable sampling plan based on the model that will achieve the stated purpose

4. decide on the number of samplesto collect and the accepted levels of precision / accuracy
(repeatability vstruth) of measurements to be made

- types of sampling - regular (gridded or geometric), biased (historical or available), random

- sampling goals differ depending on project goals: target scale of variability, representative of
study area or sub-areas, defined sample spacing constraints, measurement vs. analysis support
volumes

- Note: the goals of sampling are as varied as the earth is complex; different sasmpling campaigns
within the same project can have very different objectives, and their impacts on spatia
dataanalysis can be enormous! eg: obtaining regional estimates of trace element
distribution or environmental contamination may invoke spatially random (unbiased)
sampling; locating zones of high-grade ore may bias the collected data towards high
values;, sampling campaigns may evolve from random or gridded (unbiased) sampling to
localized "hot-spot” (biased) sampling

- sampling campaigns that target the high or low end of the data distribution can produce

spatially clustered data: the mean, variance and global frequency distribution of the

data therefore are biased by the inclusion of a disproportionate number of samples of high or
low values. Declustering is not necessary for kriging, which automatically accounts for data
clustering, but is very important for simulation because the global frequency distribution is
used to estimate local conditions wherever local neighborhood data are lacking.
Cell-declustering superimposes regular grids of various cell sizes over the data domain, and
assigns a declustering weight to clusters of samplesthat fall within each cell that are
proportional to the inverse of the number of sampleswithin acell.

The global declustered mean for agiven cell sizeis defined as Myeqius = ﬁ 20iXi ,whereN is
the number of samples, d; is the cell-declustering weight (X6; = N; ¢; > 1 for widely-spaced
data, 0; <1 for clustered data). The optimum declustering weights are chosen for the cell size
which produces the minimum (or maximum) global declustered mean

- other types of measurements: (see Cheeney, p.9-10)

- continuous vs discontinuous variables (cf. measurement scales)

- directional (dip) vs axially-oriented (strike); see Cheeney, p.22-26 for qualitative points;
and Till, p.38-43, Cheeney, p.98-106 for quantitative description, examples and
references for specific techniques of analyzing and reporting directional data

- three-dimensional orientation data (Cheeney, chapt. 9)

- Note: (Davis, p.81-83) a closure problem exists for variables whose values are forced to a
constant sum (such as ratios, percentages; e.g. chemical analyses of rock); in such situations,
some specialized statistical tools are required for analysis (see Koch and Link, ch. 11)
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9. Probability: Rdg's Till ch.2-3 (pp.30-37; 56-63; 121-123; 126-131)

- asample of a population is an outcome of a statistical experiment

- if two or more possible outcomes are possible for each experiment, there is an uncertainty
associated with each outcome, i (eg: if the population consists of 50 red and black marbles
in a bag and the sample size is 50, then only one possible outcome exists = no uncertainty)

- probability, p, isthe proportion of outcomei to all possible outcomes. p=n/N; N=Sn;

- there is an unknowable “true” probability for the population (= pop’ n statistic), which cannot

be known with certainty, only estimated (= sample statistic)

- a'random process' is occurring when the nth occurrence of outcomei isindependent of the
(n-1)th occurrence (ie. each occurrence has no “memory” of past sampling)
- aMarkov processis random but the probability of outcomei, pi, depends on the outcome of a
proceeding outcome j, p; (an outcome in this context can be thought of as a physical state of the
system eg: fluvial vs. deltaic vs. lacustrine depositional environment)
- aMarkov chainis a series of possible states, with the probability of transition from
statei to state j defined for all possible transitions
- 1st-order Markov chain: j =i+1; nth-order:j =i+n
- astationary process exists where the transition probabilities are constant in time (space)
- example: see cyclothem examplein Till, p.11-14 for transition probabilities

- the concept of Markov processes is related to the concept of spatial correlation which is central

to geostatistics; ie. values of a spatial variable are not randomly distributed but depend on their

gpatial context (= structural correlation)

- akey concept in geostatistics is that of the random function model, which describes all possible
gpatial arrangements of the values of avariable (eg: porosity) that satisfy the statistical
properties of the variable; thisis a purely theoretical concept in that only one of these
possible arrangements is ever available to us for sampling (i.e. the earth). Although thisis
similar to the idea of a"population” in conventional statistics, it is given the name of a
"realization" because the random function model alows for an infinite number of possible
arrangements or realizations (populations) of porosity. For example, the bag of 50 marblesis
the only one we have to sample, so it constitutes the population in classical statistics, but if it
isviewed as just one realization of arandom function, then there are many possible
arrangements or realizations of the 50 red and black marblesin the bag; in spatial data
analysiswe are never actually concerned with these other possible arrangements, and we use
the random function model only as a framework within which to create the tools of
geostatistical analysis and modeling)

10. Describing a Sample Distribution: the histogram, pdf, "cfd", cdf

- frequency is the number of specimens/events (see Cheeney, p.13; Till, p.90-91)

- inafrequency histogram, it is the area (not height) of the bars that is proportional to frequency;

i.ethe bin sizes (class intervals) of the bars can vary; the visual appearance of a histogram can be

greatly altered by the choice of class (bin) sizes! (see Cheeney, p.13)

- probability density function (pdf): (Cheeney, p.13-15) if large amounts of data are available, the
number of histogram classes can be made arbitrarily large, so that the visual shape of the
histogram smooths out and approaches a continuous curve in the limit: this curve isthe
probability density function (pdf) and is the basis for determining the probability that a
variable lies within a given range, or the probability that a variable lies above or below a
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specified threshold; most common pdf's are normal (gaussian) and lognormal, and have a
closed-form analytical description (see below)
- the cumul ative frequency distribution ("cfd") is the cumulative analog of the histogram; the
cumulative distribution function (cdf) is the cumulative analog of the pdf: (Cheeney, p.15-17)
- the height of the cdf at athreshold, z, is equivalent to the area beneath its pdf to the left of z;
tabulated values, F (z), for the standard normal distribution are available to define the
probability (area under the pdf) that a variable's value is less than z (see Section 1.2 below)
- p-quantile: the value, z, that a stated proportion, p, of samples does not exceed

- measures of central tendency: mode (highest frequency cl as:s);1 median; mean (arithmetic,
geometric, harmonic):  Marithmetic = = Xi ; Mgeometric = [TIXi] ™ ;' Mharmonic = ﬁ
- measures of "dispersion” (shape) about central tendency: range (max, min, interquartile);
variance, std.dev.; skewness (ca. 3[mean-median]/std.dev. = -1 to +1; see Cheeney, p.21)
- "moments’ - 1st (mean) = & X x;, 2nd (variance) = & Z(xi - )2, 3rd (skewness) =
£ 3(%5)3, 4th (kurtosis) = fIZ(x; - w)*]

- Notes on the cdf: the pdf and cdf exist only for ratio-scale measurements, but a discontinuous
"cfd" can be plotted like any histogram (ie. using constant or varying class intervals) for
nominal and ordinal data, and used for analysis of categorical (non-parametric) data

- the concept of a cdf is often used interchangeably with that of a"cfd", even where the cdf is

unknown, so be aware of its specific usage in a particular context

- the g-quantile (or quantile) on a cdf isthe height, g, of the cdf at a given value of the
variable; a Q-Q plot therefore compares the shapes of two cdf's (or "cfd"'s)

- the p-quantile (or probability) on a cdf is the value of the variable that a proportion, p, of the
data does not exceed; thus, a P-P plot compares cumulative probabilities of two cdf's ("cfd"'s)

11. Degrees of Freedom: (Till, p.56,57)

- in genera, D.F. = number of observations less the number of estimates made from them

- eg: to define the mean, only need n observations, so D.F. = n; but variance requires an
estimate of mean, so itsD.F. = n-1

- eg: bag of 50 red and black marbles: the population N = 50; if sample size n < 50, then
variance requires estimate of mean, so D.F. =n-1; butif n=150 (ie. all of
population is represented in the sample), then the mean is no longer estimated
(it isknown with certainty), soD.F.=n=N

- the practical difference between the unbiased estimator of variance (n-1) and biased
estimator (n) vanishes for practical purposes as n increases

- (x-)2

12. Normal Probability Distribution Function (pdf): vy = - J127 exp(—5

= exp(5) (see Till, p.33)

(1.0 oo Y=

g

wherez = (x-nj)/s isthe“std. normal deviate” (for sample statistics, substitute m and sfor m s)
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- the standard normal pdf hasm=0, s = 1, so that y——exp( )(seeTlll p.37 for u+30)

- the total area under either curveis 1.0 (ie. the probablllty that - 0 < X,z< 0 1S 1.0)
- the area under the curve e [a< x < b] isequal to the cumulative distribution
function (c.d.f.) and is the probability that x lies between aand b :

(12) ®(a,b) =pla<x<b] = || —1 exp(- %) |ox

- Tabulated values of the standard normal curve list the inverse cdf, 1-F (2), of the
standardized random variable z = (x-n)/s  [where F (2) is the standard-normal cdf]

- since F (2) isthe probability (ie. area of the pdf from - oo to z) that the standardized
random variableisless than z, then 1-F (z) is the probability that it is greater than z:

(13) 1- 0 = plz< &2 < o] = [ 7] - exp(-2) Jox

=

FﬁArea

ﬂ 5"
—>

z

- tabulated values of 1-F (2) (Till, p. 34) range from 0.50 at z = 0 to very small values as z
increases

- note that only positive z values are tabul ated since the normal distribution is symmetrical about
amean of zero; for negative z, the tabulated values of 1-F (|z]) = F (-2)
Note: values correspond to s; e.g. at z=1.96, 1-F (z) = 0.025 ie. the sum of the two tails
15 0.05 so that the probability that values fall within -1.96s and +1.96s is 1-2F (z) = 95%

-Example: if porosity (in percent) is normally distributed with mean, m=20and s = 2,
the probability that porosity lies between 17.5 and 23 can be found as follows:
-let the variable x represent porosity, so its standardized formis z:
X1 =17.5, s0 z; = (X;-m/s = (17.5-20)/2=-1.25
X2 =23, SO = (Xo-m/s =(23-20)/2=+1.5

- the tabulated value for 1 - F (1.5) = 0.0668

therefore, areaAz =1-[1-F (1 5)] F (1. 5)
= probability that x < 23

p=1-0.0668 ﬁAZ
Al

z=1.5
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- for z=-1.25, look up the value for 1 - F (1.25) = 0.1056; and since the curveis
symmetric about zero, A; = 0.1056 = p[@ <7
- therefore the desired probability = A, - A; = 0.8266
ie. the probability that the porosity lies between 17.5 and 23% is 82.66%

- because of the definition of the standard normal deviate, the value of z is equivalent to
the number of standard deviations, s, away from the mean (see Till, Fig. 3.13)

- Note: for alognormal distribution, values can be log-transformed and treated like a normal
distribution; following the analysis, values of the (non-log-transformed) mean, std. dev'n,
confidence limits, etc. can be obtained from the their log-transformed counterparts as.

(1.4) x = exp(In[x]) for the non-log value of x
(1.5) Ux =expluinx + %alznx) for estimate of the (non-log) mean of x
(1.6) o2 = u?[exp(a2,) - 1] for estimate of the (non-log) std. dev'n of x

- Normal-score transformation: any non-normal distribution (including lognormal ones)
can be transformed into a standard normal distribution by a numerical or graphical method
known as a normal-score transform, which can be treated as a perfect normal distribution, then
back-transformed by an inverse procedure; see Isaaks and Srivastava, p.469-470, Hohn,
p.171-172, p.175-185; note that this procedure is always safer than log-transformation, because
back-transformation of alog-estimated values introduces a systematic bias in the estimates
(Deutsch and Journel, p. 93)

- normalization of the data distribution is not necessary for kriging per se but is essential for
stochastic simulation of continuous variables based on gaussian-type simulation algorithms. It
also circumvents the dual problems of choosing an appropriate (and usually arbitrary)
transformation algorithm for an irregular frequency distribution and of appropriately interpreting
the back-transform of the linear estimate (asis the case for log-transforms). It makes correlation
structure in variogram analysis easier to identify and conceptualize; and, finally, it minimizes
chance of numerical instability in solving the kriging matrices

12. Estimating a Distribution with Indicator (non-parametric) Statistics:

- where the form of acdf is unknown or poorly defined by the available data, one can estimate it
by indicator transformations which convert the ratio- or interval-scale data into ordinal-scale
classes or single-valued thresholds (known as "indicator cutoffs'); from the relative proportions
of datafalling below several of these thresholds, the form of the cdf and pdf can be estimated
asin the following example:



17

Raw Data (noisy): Approximate Population cdf
with Indicator Probabilities:
n 1.0 -
p (1) 11
pfd cdf |- 12
1o T
0 T NI T A A \D 0 //\ I R R T N
Ci C2 Cs
Choice of Indicator Cutoffs Reconstruct Population pdif:
n (pdf thresholds): 10
[F
Area=
s p(I3)
cfd pdf
. j/
O Il Il Il Il Il Il Il Il Il Il 0 Il Il Il Il Il Il Il Il Il Il
Ci1 C2 Cs Ci1 C2 Cs

- this approach is the basis for indicator kriging and indicator simulation. Kriging and Gaussian
simulation estimate a continuous variable from a knowledge (or the assumption) of a Gaussian
form of its global cdf. Where thisisinapplicable, indicator geostatistics are used to 1) represent
the cdf of acategorical variable (nominal or ordinal data), 2) represent the non-parametric cdf of
acontinuous variable, or 3) provie estimates of the distribution of values above or below
specified threshold(s)

- see the spreadsheet "Indicator CDF.wk4" for an example of indicator transformation of a
continuous distribution

- another type of transformation involves reducing the information content of interval or ratio
datato create nominal or ordinal data which can be counted: e.g. classify contaminant
concentration into high and low classes; categorize earthquake intensity as microearthquakes
(M<3) and "other"; classify permeability measurementsinto high, medium and low classes; etc.
The effect is similar to that of an indicator transformation in that the statistical treatment
becomes non-parametric (e.g. see Week 2, Section 5).

13. Introduction to Problem Set Data: refer to datafiles and details given in class
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Softwar e Used During the Course

One of the goals of the course is to introduce and reinforce key concepts use the simplest
software for a particular task, and yet to expose students to all available geostatistical software.

Software to be Used in the Course: (GUI software in lower-case; DOS codes in upper case)

Statmost - descriptive statistics, distribution tests, t-tests, normal-score distributions
Spreadsheet - common data import platform; general data manipulation and conversion
3Plot32, Surfer - data post plots, moving window plots, descriptive stat's, intro to .DAT files
HISTPLT, PROBPLT, NSCORE, DECLUS - dataanalysis, preparation

VarioWin - variogram analysis, modeling

GeoEas, KT3D - kriging, cross-validation

SGSIM, SISIMPDF - simulation
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Generalized Geostatistical Analysis and M odeling Sequence

(Note: Windows and DOS programsin lower case, GSLIB FORTRAN programs in upper case;
graphical output from all GSLIB programsis viewed with GSViewer Windows software)

a. Exploratory Data Analysis
1. Create data post plot 3Plot32, Vario2dp
- location errors, visual examination (clustering, hi/lo values, etc.)
2. Evaluate data distribution Spreadsheet, StatMost, HISTPLT, PROBPLT, SCATPLT
- global statistical character (normal/skewed, outliers, univariate / bivariate summary)
3. Compute declustering weights DECLUS
- for unbiased statistics, simulations
4. Transform raw data to normal distribution Spreadsheet, NSCORE
- for improving variogram analysis, kriging results, necessary for Gaussian simulation
5. Trend analysis  Surfer
- identify possible trends in raw data
6. Data manipulation (optional) Spreadsheet, ROTCOORD
- remove trends in raw data; transform data to one or more indicator variables; rotate or
transform raw data coordinates to remove non-orthogonal spatial arrangements
for kriging and simulation; repeat 1.1 - 1.5

b. Variogram Analysis and Modeling
1. Construct experimental variograms VarioWin, GeoEas

- identify overall correlation structure, optimal lag classes, anisotropy, data outliers

- stepsin variogram anaysis (Variowin)
- construct best isotropic variogram (if any), identify best bin parameters
- construct anisotropic variograms, identify orientations of max/min range (if any)
- look for internal consistency between alternative measures of correlation
- if normal-score data or indicators used, look for internal consistency (if any)

2. Model the variograms' correlation structures VariowWin, GeoEas

- identify and fit best random function model(s) for kriging (raw data, indicators, sill)
or for simulation (variance/ sill constrained to unity for normal-score data)

- stepsin variogram modeling (Variowin)
- choose both max and min variograms (if appropriate)
- assign approximate nugget level to variogram in max correlation direction
- assign preliminary random function model type
- assign approximate sill level
- assign approximate range
- adjust range, sill, nugget interactively until model fit is appropriate
- add additional structure(s), if necessary, to improve model fit
- for n-score data, adjust anisotropy for best model in min correlation direction
- if semivariogram is noisy, apply above procedure to determine best range(s)

from inverted covariance or madogram, sill and nugget from standardized
semi-variogram or correlogram (not necessary if n-score data used)
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c. Estimation - Kriging
1. Performkriging and/or indicator kriging GeoEas, KT3D, IK3D
- provide local estimates and/or smooth picture of global trends
- stepsin kriging:
- specify goal of kriging application
- decide on type of kriging required for the project goals
- define the kriging grid array size, based on goals
- set up the kriging parameters (search radius, number of neighboring data, etc.)
- perform kriging
- perform cross-validation
2. Evaluate the modeling / estimation process  GeoEas, KT3D, IK3D
- perform kriging cross-validation, for comparison of estimated vs. actual data
3. If necessary, post-processindicator simulations POSTIK
- calculate expected values, variances, exceedance probabilities
4. Analyze the estimation process StatMost, 3Plot32, GeoEas, SCATPLT, HISTPLT
- look for systematic bias and spatial trend between estimated and true data values
5. If applicable, back-transform transformed variable(s) BACKTR
- reproduce original (detrended) variable's range and values

d. Estimation - Simulation
1. Perform sequential simulation of continuous or indicator variable SGSIM, SISIM
- provide estimate of local and global uncertainty and character of spatia variability
- stepsin simulation:
- define goal of simulation
- determine type of ssimulation required to meet goals
- define the simulation grid array size, based on goals
- set up the simulation parameters (conditioning data, number of simulations, etc.)
- perform simulations
2. Post-process multiple ssmulations  POSTSIM
- calculate expected values, variances, exceedance probabilities from n simulations
3. If necessary, back-transform transformed variable(s) BACKTR
- reproduce original (detrended) variable's range and values

e. Post-Estimation Validation and Analysis
1. If applicable, restore trend surface  Spreadsheet, Surfer, ArcView, etc.
- reproduce original variable's range and values
2. Check reproduction of global distribution, variograms, bivariate correlations, etc.
- employ any methods listed under 1. and 2. above
3. Evaluate results, suitability of estimation process Spreadsheet, Surfer, ArcView
- overlays and comparisons of original data with estimates; comparison, analysis and
evaluation of various estimation procedures and results with original data and/or
objectives
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StatM ost Softwar e Reference

- index to StatMost key features for basic statistical anaysis:
(create anew spreadsheet for dataanalysis) File | New, File | Open | Spreadsheet

(create atest distribution)

(create anew column from other data)
(univariate statistical summary)
(create acumulative freg. distribution)

Data | Create | Distribution

Data | Transform | Simple Math
Statistics | Descriptive | General
Statistics | Summaries | Frequencies

(tests of normality, comparisons of distributions)

(chi-squared tests of nominal data)
(correlation analysis of paired data)
(estimating C.I. of mean, std.dev’'n)
(parametric tests of sample means)
(computation of C.I. of linear regression)
(autocorrelation calcul ations)

(histogram plot)

(normal probability plot)

(plot computed frequencies as cfd)

Statistics | t-test, F-test, Normality Tests
Statistics | Nonparametric, Advanced
Statistics | Cross Tabulates

Statistics | Correlations

Statistics | Confidence Intervals
Statistics | Hypothesis Tests

Analyses | Regressions | Linear
Analyses | Time Series | Auto Correlation
Plot | 2D Special | Histogram

Plot |2D Statistical, Normal Probability
Plot | 2D Curve | Step Curve

(graphical summary of highlighted column) Quickplot | Box Plot
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Week 2 L ecture Material Parametric Tests, Nonparametric Tests

Parametric Tests are applied to statistical data derived from distributions of a known or assumed
form (eg: anormal or Gaussian distribution). They are useful for comparing the means or
variances of two populations, for determining whether two samples were drawn from the same or
different populations, and for quantifying the confidence or probability that the mean of a sample
falls within or outside of specified thresholds. Parametric tests are applicable only to interval or
ratio-scale measurements.

1. Student'st-test: (Till, p.56-61)

- thisisadtatistical test of a statistical hypothesis. A null hypothesis, Ho, is formulated, such as
'the mean of population 1 = mean of population 2' or the regression slope = zero. The aternatiuve
hypothesis, Ha, is the antithesis of Ho.

- the t-test is a method to compare sample means or to determine whether a population was
drawn from a normal population of the same mean, for both known and unknown variances - but
always assuming a normally-distributed population!

- given a population with mean mand variance s?, draw a sample of size n, whose sample mean
ism and sample varianceis &

- draw all possible samples of size n and calculate t = (;;ﬁ) for each sample, where §/./n can

be thought of as the standard deviation standardized by the sample size

- plot the pdf of the t-statistic, which defines Student’s - t distribution (Till, p.57)

- the level of significance, a, is defined as the probability of obtaining avalue further from the

mean than the specified value |t|

- aone-tail test isused if the test is formulated as to whether a statistic is greater than or less than
agiven threshold (ie. when the probability refersto only one side (tail) of the pdf); in that case
look up the tabulated t-value for a level of significance

- atwo-tailed test is used for a confidence interval (C.1.) or atest of difference or, in general,
if the probability being tested refers to the entire pdf regardless of whether the differenceis
more or less than a specified value; in that case, ook up the tabulated t-value for a/2 level
of significance (eg: if your test istwo-tailed at the 95% level, look up the t-value for a = 0.025)

- Note: the t-statistic has (n-1) D.F. since we can compute m and s from the data, but we need to
estimate m

Example - C.I. estimate: 16 measurements (D.F. = 15) of InK definem = 9.26, s= 2.66
from table, for n-1=15, a/2 = 0.025, t. 15 = 2.131, therefore:

(2.0 -2131< s/% <+2.131 or, rearranging:
(2.2) m-2.131¢//16 <u <m+2.131s/16

substitutingmands: C.l.es= 7.8<u <10.7 ie. 95% likely that mis within this range

Examples - To compare two sample means: (Till, p.62; Cheeney, p.68) use pooled t-statistic and
pooled variance (ie. taking into account the combined sizes of both sample populations)
then if the computed t-statistic is less than the tabulated t./2 15 value, the means are 1- a%
likely to be from the same population
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- Estimate a C.1. for m Cheeney, p.66

- see Problem Set 11 B. "Hypothesis Testing with StatMost" for working with t-tests
and hypothesis tests

- Types of t-tests:
general t-test: samples are drawn from populations of equal variance; are the means dlfferent’>
unpaired t-test: samples are drawn from popul ations with different variances; "
paired t-test: are two sets of outcomes drawn from the same population? (e.g. are the means of
duplicate analyses of all samplesthe same?)

- the power of an hypothesistest: (Till, p.63-65)

- a istherisk of accepting Ho when it should be rejected (Type | error), whereas the risk of
rejecting Ho when it isin fact true, isb (Type I error)

- 1-b isthe "power" of atest of significance; the higher the power, the better the test; but
increasing the level of significance (1-a) reduces the power of the test (1-b); usually,
the best compromise between level of significance and power of thetest isat a = 0.05

- see Till, p.63-65 for a discussion of the "power" of an hypothesis test and an example

- in general, non-parametric tests require fewer assumptions about a population but have
alower power and hence greater risk of Typell error

2. Kolmogorov-Smirnov Parametric Test for a Gaussian distribution: (Cheeney, p.62-64)

- valid only for normal distributions

- definethe D statistic in a"cfd" as the maximum class interval departure from atheoretical cdf

- for n> 15, definethe critical D as A/ /n for aone-sample test, where A =1.22 for a = 0.05
and 1.51 for a = 0.01 (Cheeney, p.46)

- if the calculated D statistic > critical D value, the test sample is not normally distributed

- Note: StatMost requires that the distribution be transformed to a standard normal deviate prior

to testing; Statmost's computed D-val ue can then be compared with the critical D-value (A//n)

to accept or reject the null hypothesis that the sample distribution was drawn from a normal

population

3. F-test - Used to Compare Variances: (Till, p.66)

- sample two normal populations for all possible sample sizes ny, n,; define F = s,%/s,? for all
possible combinations of n;, n, (ie. aninfinite family of F distributions)

-D.F. =m-1, n,-1; one-tailed test, only

4. c*test (Chi-square test):

- used to test how well a sample distribution fits a theoretical distribution (Till, p.69); thisisa
parametric test. However, it is more useful for nominal data, in a non-parametric test situation
(preferred for situations with n > 40: Till, p.121, 124)

- from arepetitive sampling of anormal distribution, calculate z = (x-n)/s for each member

of the sample pop’n and define y2=,(z?) for al samplesof sizen
- group the sample z-values into r classes and compute the test statistic:
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_ < [ (Observedvalugfith]Class- Expectedvaluefith]Class)?2 | _ < (O- E)?
(23 Xz_zizl{ ExpectedValue[ith] Class }‘2 E

- D.F. isdefined asj-k-1, where k is the number of parametersto be compared against the
theoretical distribution (eg: if m, sareto be compared with m s of the normal distribution,
thenk = 2)

- see Till, p. 69-70 example of c? parametric test of goodness-of-fit to a theoretical distribution

Non-Parametric Tests. for distributions of unknown form; for populations of unequal or
unknown variances; for nominal or ordinal-scale measurements

5. c’test: (Till, p.121-124)

- comparing different sample populations where distribution not normal or unknown

- classify n data on anominal scale, by grouping in a contingency table, regardless of the type of
distribution

- eg: anumber of high-, med- and low-K measurements (lognormal distributions)
made in two different facies: are the two facies the samein terms of their K distributions?
(use numerical valuesin Table 7.4, Till, p.121)

Number of Measurementsin:

Categories Gravel Facies Coarse Sand Total Number
K>10 ft/d a d a+d
1<K<10ft/d b e b+e
K<1ft/d c f cHf
Totals atb+c d+e+f n

ie: data have been transformed into nominal measurements, so the only statistical analysis
possible is on counting within/between groups
- set up the contingency table, with i = 3 rows and j = 2 columns and marginal row and column
totals, Tiand T;
- the expected frequency of occurrence of measurements of a given K-class in both faciesisthe
expected value, E: E =+
ie. by chance alone, we would expect that the probability of measuring alow-K value in the
two facies combined would be (crff) (frequency of occurrence = p*n)
- the expected frequency of occurrence of valuesin agiven K-classin agiven faciesisthe joint

probability times the total number of data:
LI Ti-Tj
EIJ = T = n

- eg: if the two facies were hydraulically identical, a purely random distribution of K-values
should exist between, as well as within, facies; so the number of measurements in the high-K
category in gravel aone that would be expected by chanceis:

a+d)-(at+b+c
Ei1= {erdlarord) (n )

- create null hypothesis Ho: no significant difference in K distribution of gravel and sand facies
- calculate the test statistic:
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(2.9) X2 = Zir:l ij:l %
wherer, k = no. of rows, columnsin contingency table
- D.F. defined as (r-1)* (k-1) = 2 for the above contingency table
- from c? tables, for significance level, a, and D.F.= 2, look up critical value of c?
eg. fora = 005, D.F. = 2, Cz(o_os, 2= 5.99
- compare the test statistic, X2, with the critical c? value; if X2 < critical value, the null hypothesis
Is accepted (ie. 95 times out 100, the variations of a, b, c vs. d, g, f in the contingency table
will occur due to chance); conversely, if X? > critical value, the null hypothesisis rejected
(ie. only 5 timesin 100 will the variations be due to random sampling)

Note: see StatMost p.274-276 for detailed use of ¢ test of RxC contingency tables

- use Statistics | Contingency Table | RxC Table to use built-in chi-square analysis
for contingency tables; in StatMost, the contingency table is entered without marginal totals

- again, rather than specify a confidence level, StatMost computes the effective probability
corresponding to the computed X? statistic

- eg: for Till's p.121 example, the null hypothesisis rejected for confidence levels greater than
about 0.02 (See "chi-sgq RxC example.dmd" for worked example)

6. Kolmogorov-Smirnov Non-Parametric Test for comparing two populations:
- complex but useful (see Cheeney, p. 45-46; Till, p.125-130 for details and examples)
- amore general, non-parametric test that doesn’t assume normally-distributed data, but is less
powerful (in astatistical sense) because the probability of erroneous conclusions increases
- compares the forms of two distributions regardless of whether they have different means,
variances or skewness (eg: see Cheeney, p.45-46; Till, p.126)
- use the K-S test to compare two non-normal sample populations, or an unknown sample
distribution to anormal distribution
- because the test does not identify the source of the populations difference(s), it losesits
power for small values of n
- when testing for a simple difference between populations, use atwo-tailed test; if testing
whether the mean of one population is greater than that of the other, use a one-tailed test
- define the null hypothesis as m; = m, and define the alternate hypothesis as m; + m, (two-tail)
or m;>m, (one-tail), where m=sample mean
- note the sense of direction for population difference in a one-tail test matters (Till, p.128)
- using the same classintervals (bins) for both populations, the data are represented as
cumulative relative frequencies
- D = maximum cfd difference in bin i between the two sample populations = max[f(x1)' - f(X2)]
for two-tall test, D is maximum bin difference
- critical D values to compare with observed D are determined from the sample sizes of both
populations and whether one- or two-tail test: eg: for different sizes of samples, the
critical D value for two-tailed tests can be estimated as A /(01 +n2)/(n1n2) , where
A=1.36 for a=0.05; A=1.63 for a=0.01
- Note: StatMost only provides the option of atwo-tailed test but calculates the probability of the
samples being from the same population; rather than specifying a confidence level a, the value
of a is, in effect, back-calculated from the computed D-statistic, providing an estimate of the




26

minimum confidence level or probability at which the null hypothesis (equal sample means)
could be accepted; thus, the computed probability gives more information about the test's
level of significance (i.e. how close the test isto a borderline rejection) than a manual
calculation; seethe "Till p.127 K-S example.dmd" datafile for examples of calculated K-S test
comparisons

7. Other non-parametric tests (for ordinal data): can be very useful for geologic data

- see Cheeney (Ch.6-7), Till (Ch.7) for examples

- Mann-Whitney U-test; Krukal-Wallis; Spearman’ s rank corr.coeff.; Kendall's-t

- useful for ranked (ordinal) data

- avallablein StatMost, SPSS, other standard statistical packages

- before using, be familiar with test procedure, nomenclature, concept; perform atest on known
data distributions (eg: use StatMost to generate test data of known distributions, apply teststo
learn mechanics and interpretation of test results)

8. Problem Set |. Statistical Summarization

- introduction to use of software and class problem set, using demo data set (Walker Lake):
univariate summary statistics, box plots, freg. and cum. freq. distributions (histograms, "cfd's"),
K-Stests of normality on raw data and log-transformed data
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Summary of Hypothesis Testing:

Rationale Behind Statistical Tests - from the size, the shape and dispersion of the sample data,
compare the sample distribution to a known distribution or another distribution to determine
similarities or differences at a specified level of confidence (probability of being wrong).

Parametric vs. Non-Parametric Tests - if anormal distribution is known or inferred, a parametric
t-test isthe most powerful; if the parent population distribution is not normal or is not known, a
parametric test cannot be applied and non-parametric comparisons have to be applied (eg: K-S).

Typeof Tests:

One Sample Tests - Two Sample Tests -

One-Tailed Tests -
1. isthe mean < or > a specified value? (t-test)

Two-Tailed Tests -
2. isthe sample mean equal to a 3. are two sample sets drawn form
specified value? (t-test) equivalent populations? (t-test or K-S)
t-tests: general, paired, unpaired

Goodness-of-Fit Tests -

4. isthe sample population Gaussian?
(atwo-tailed test) (K-S)

Set up the Null and Alter nate Hypotheses:

Null Hypothesis -
casel. m < gpecified value or m > specified value
case 2. m = specified value

Case 3 mmple population 1 = msample population 2
case 4. sample's z-score distribution = standard normal distribution

In each case, the Alternate Hypothesis would be the opposite; hence, if the Null Hypothesisis
rejected on statistical grounds, the Alternate Hypothesis would be accepted.

Specify the Confidence L evel: For one-tailed tests, the confidence level of the test-statisticis
the same as the specified confidence level of the test; eg: a0.05 confidence level isdesired, so
the confidence level applied to the test-statistic is al'so 0.05

For two-tailed tests, the test-statistic refers equally to both tails of the outcome, so at a specified
confidence level (eg: 0.05), the probability of rejecting the null hypothesisis equally shared by
both tails, so that the confidence level applied to the test-statistic is half that specified (eg: 0.025)

Specify the Degrees of Freedom:
casel., 2. (t-test) D.F.=n-1
case 3. (t-teﬂ) DF.=n+n,-2
case 3. (K-S) D.F. =1.36,/(n; +ny)/nin;, (for a=.05); = 1.63,/(ny +nz)/nin, (a=.01)

case4. (K-S) D.F.=1.22//n (fora =.05); =1.51//n (a =.01)



Readings:

Isaaks and Srivasatva (1989): p. 28-38  regression
p. 49-50  proportional effect, skewed data
p. 50-64  spatial continuity introduction
Ch.7 p. 140-163 spatia continuity of Walker lake data

28
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Week 3 Lecture Material Bivariate Data, Regionalized Variables, Exploratory Data Analysis

1. Definitions:

Geostatistics (spatial statistics):

A branch of applied statistics focusing on the characterization of the geospatial dependence of
one or more attributes whose values vary over space (in 1-D, 2-D, or 3-D); and the use of that
gpatial dependence to predict (model) values at unsampled locations.

(time-series analysis - hydrographs, the stock market - isa 1-D relative of spatial statistics)

Prediction (estimation, interpolation, modeling) methods:

Any of anumber of methods to produce estimates of avariable at unsampled locations based on
values at discrete points. Examples include: tesselation (Theissen polygons, triangular irregular
network, Delauney triangulation, etc.), moving average, inverse distance weighting, spline
functions, trend surfaces. The geostatistical equivalent iskriging, a statistically- unbiased linear
estimator.

Spatial dependence (autocorrelation):

Most physical processes generate spatial variability such that two data values sasmpled close
together tend to be more similar than two values sampled far apart. Where a strong spatial
dependence exists, spatial statistical tools can be used to predict (model) values at unsampled
locations better than other interpolation procedures.

Bivariate and multivariate dependence (crosscorrelation):
A physical process produces correlated variability in the values of two or more attributes, whose
correlation can be used to understand the process and/or to make predictions.

2. Bivariate Correlation:
- an analysis of variation of two variables 73, z° drawn from different but related populations
- analysis of bivariate regression is potentially important in spatial data analysis. if an extensively
sampled secondary variable (eg: topographic elevation) is correlated to the primary variable we
wish to estimate (eg: water table elevation), the spatial cross-correlation between the two
variables can greatly help in estimating the primary variable by exploiting the spatial correlation
information in the correlated secondary variable if its values are known at other locations where
the primary variable is unsampled
- bivariate regression analysis is predicated on the assumption that the distributions of both z* and
z° are Gaussian; in some cases, this condition can be relaxed e.g. the independent variable can
take on discrete values
- however, regression analysisis strictly valid only under the following conditions:

- both variables are measured with no (or negligible) error

- both variables are normally distributed

- the variables are linearly correlated

- the X values are independent

- prediction error is homoscedastic (constant variance) and Gaussian

- prediction errors are independent (not autocorrel ated)
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- in abivariate relationship, the overall variance of the two variables can be thought of as
composed of three variance components: 1) variance of variable A, 2) variance of variable B and
3) the variance arising from the correlation of A vs. B

- this latter variance is known as the bivariate covariance and is defined by:

(3.1) CoV(Za, Zb) = =7 i {(Zai - Ma)(Zni - M)}

- and the correlation coefficient is:

(3.2 r = Cov(za, Zv)/S2,Sz,

- the value of the square of the correlation coefficient (r?) represents the fraction of the total
variance of z, and z, that is due to their linear correlation

- where the population is not bivariate normal, use a non-parametric correlation method

on the ranked (ordinal) form of the data, such as Kendall's-t or Spearman’ s rank correlation
coefficient (see Till, pp. 131-134; Cheeney, Ch. 6), which are based on the difference in rank
position of all observations between two samples or between x and y values

3. Hypothesis Test of the Significance of Correlation

- from the definition of the correlation coefficient in equations (3.1) and (3.2), it is apparent that
if values of the dependent variable, z,, are close to their mean (i.e. thereislittle variation) and the
standard deviations of one or both variables, s,, Or sy, isrelatively large, then the value of r will
be small regardless of how close the correlation; in other words, by itself the value of r isa poor
estimator of the degree of correlation

- in other words, a more robust test is required to determine statistical significance of abivariate
correlation

- if the two variables, z,, z, are normally distributed, then various types of t-tests can be applied
to determine if the bivariate relationship between them is statistically significant (see Till,
p.86-87)

- for example, to test whether the value of the correlation coefficient represents a statistically
significant bivariate correlation, anull hypothesisis set up to represent the situation where the
population correlation coefficient, r, is zero (ie. the variables are not correlated); ie. Ho(r = 0)
and the alternative hypothesisis Ha(r + 0); thisis an example of atwo-tailed test, and the
t-statistic is defined as:

3.3 t=rl [ &2 WwithD.F. = (n-2)
(1-r2)

where n is the number of sample data plotted in the regression

- therefore, if the value of |t| calculated from eg'n (3.3) islarger than t(, a2, We can reject Ho and
conclude that a significant bivariate correlation (r + 0) exists at a confidence level of 100(1- a)%
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4. Regionalized Variables

- unlike arandom variable which results from a purely random process (eg: the results of
throwing dice), aregionalized variable (or r.v.) is distributed in space (and/or time) with
location information attached to each measurement; in other words, the measurement variable
(2) no longer represents a statistically independent univariate population, but is part of a
multivariate population (X, y, z) in which the values of z,, may no longer be strictly
independent in a statistical sense; that is, z,, may be correlated to x and y because of the
physical process which generated it

- in general, any measurement which is associated with spatial or temporal coordinatesisar.v.

- denote this variable as z(x), where x designates spatia coordinates (in 1-D, x isX; in 2-D, x is
X,Y; etc.); e.g. if theregionalized variable israinfall amount, each data point is denoted with
coordinates X = (X, y), and z(x) israinfall amount

- key concept: the variability of any regionalized measurement over/in the earth can be viewed as
but one possible realization or outcome of a hypothetical random process (a God who throws
dice?) which has distributed values of z(x) in just one of an infinite number of possible ways

- key concept: in geostatistics, ther.v. is assumed to be the outcome of a physical process (or
multiple processes) whose spatial form represents a combination of a structured aspect (eg:
lead concentration in contaminated soil due to the contamination process/history) and a
random, unstructured aspect (eg: the natural lead content in, and proportions of, feldspar and
limestone detritus in the soil); local ‘trends’ such as contaminant hot spots can be handled
within the geostatistical modeling process, but significant regional trends are removed prior to
analysis and modeling to ensure that z(X) represents a stationary r.v.; ie. the analysis,
estimation and simulation of variation is done with the trend subtracted from the raw data, then
the trend is added back in the final estimation (use Surfer or other software to model the trend,
then remove it from the raw data); in this course, we will not focus on trend removal (see Koch
and Link, 1971, chapt. 9); what constitutes a'significant’ trend is usually a matter of judgement
and can be identified in exploratory data analysis or during variogram anaysis

5. Walker Lake Data set

- see Isaaks and Srivastava, 1989

- be able to outline the phases / stepsin a geostatistial analysis

- the purpose of exploratory analysis. get to know your data, identify sampling patterns, sampling
history and possible sampling biases, patterns of variability, bivariate correlations among
multipler.v.'s, etc.

- examine the exhaustive Walker Lake data set, its main features of spatial variability, evidence
of heteroscedasticity, correlationsof V, U, T

- compare the features of the sample data set; plot the sample data, get to know it, identify
patterns, sampling bias, etc. (note that in areal analysis, you will not have access to the
exhaustive data set; only God knows what the real situation looks like and you are trying to
reconstruct that situation from afew paltry measurements)

- key concept: different populations of ther.v.'s may be present (e.g. the T variable may represent
rock type); the ability to segregate V, U valuesinto two possible classes (T = 0 or 1) raisesthe
guestion of when population splitting should occur. There are no hard rules, but some
guidelines:



32

1) Isthe distinction physically meaningful ? One should have good reasons for splitting, even if
the segregation is done subjectively;

2) After splitting into subpopulations, do sufficent data remain within all the subpopulationsto
justify statistical inference based on the numbers of data points? If some subpopulations have too
few data to justify meaningful statistical measures, their segregation may not be useful; and

3) What is the goal of the study? Does population splitting contribute to the goal ? e.g. estimating
the spatial distribution of species proportions from fifty calibration locales in an area with two
very different types of land cover: if the distribution of species countsin the calibration sitesis
statistically indistinguishable between the two land cover types, splitting into subpopulationsis
unnecessary; if statistically distinct, then splitting must be performed prior to geostatistical
anaysis.

6. Problem Set I1. Exploratory Data Analysis 1

- preliminary spatial analysis (sample locations, contour maps,contour maps, obvious visual
trends, coordinate outliers, sample value outliers, interval [hi/lo] maps, indicator maps) using
3Plot, Surfer, GeoEas, StatMost

- identification of trends, clusters of data, spatial sampling bias (eg: multiple sampling campaigns
with targeted/biased purposes)
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Example of Hypothesis Testing of Regression Parameters:

A hypothesis test is often used to evaluate the significance of alinear regression fitted to a scatter
plot of X, y data. For example, if the range of y valuesis small compared to the range of x values,
even avery tight x-y correlation will produce alow value for the correlation coefficient, r2. This
is because r? is ameasure of the proportion of the overall variance of x and y that is due to their
correlated component (eg: in a perfect correlation, all of the x-y variance is accounted for by their
correlated values, and r? = 1.0); if the variance of the x values is much greater than the variance
of y values, it swamps the contribution of the variance due to correlated x and y values, and r?
will be low regardless of how good the x-y correlation really is.

An alternative t-test to the one discussed in Equation (3.3) involves atest of the significance of
the calculated regression slope. The Null Hypothesisis defined as b = O, where b is the calculated
slope of the regression line; in other words, Ho posits that y varies independently of x and that
the x and y values are not correlated. Thisis atwo-talled test because the Alternate Hypothesisis
that b is not zero - ie. b could be either greater than or less than zero - and we are interested in
whether the statistic of the x-y correlation is out on either tail of the error curve. If Ho were
rejected, the Alternate Hypothesis, Ha, would be accepted and would conclude that x and y are
correlated at the level of significance of the hypothesis test.

In this test, the t-statistic is defined by the formula:
(34) t=(b- by)Z/m

where b, is the specified slope (zero in this case), s, is the standard deviation of the independent
variable, and

n2s3(1-r?) .
Se = | nna  ISthestandard error of the correlated data

The confidence level defining the critical t-statistic is a/2 (two-tailed test) and the test has n-2
degrees of freedom. The Null Hypothesisis rgjected if the absolute value of the t-statistic
calculated in Equation (3.4) exceeds the tabulated critical t-statistic, t-2, a2, and the regression
slopeissaid to be significant at the 100(1-a) % level.

Once the regression has been deemed significant, a confidence interval about the | east-squares
value of the slope can also be determined with the calculated t-statistic. In this case, we wish to
determine the values of b, in Equation 3.4 that produce a calculated value of |t| that isequal to
t(-2), a2. N Other words

(35) Cll.fordope=b= tmay wr - =% at the100(1-a) % level.

Note that because Equation (3.4) specifies the slope against which the regression slope is tested,
this test can be used to compare whether two regression slopes are statistically the same or
different.



Week 4-5 L ecture Material Autocorrelation and Variogram Measures of Spatial Continuity

1. Autocorrelation:

- the correlation function defined in equation (3.2) for bivariate data measures the degree of

correlation between two related variables (not necessarily regionalized variables)

- within asingle 1-D series of spatial measurements, an autocorrelation function can be defined
that isameasure of theinternal correlation between successive measurements

- for a 1-D series of measurements, the concept of autocorrelation is analogous to the covariance

of bivariate data, where the variable z° becomes z3,. where L isthe offset from positioni in

the data series; thus, the autocorrelation function is defined as:

(4D r_=cov(z, z+L)/s; = [n—ll Zinzl{(Zi - mi)(zZi - mi+|_)}]/s§

where m represents the mean of the values defined for zero offset and for an offset of L
(note that the definition of covariance contained in the numerator of equation 4.1 equals the
population variance of z when L = 0)

- thisfunction is calculated for various offsets or separations, L, called "lags’ and the value of
r.isplotted at each value of L to form the correlogram (equivalent to the standardized spatial
covariance function defined below)

- conceptually, equation 4.1 compares the degree of correlation or similarity between the
time-series and its copy, where the copy is shifted by L units and a standardized
covariance for the region of overlap is computed; note that at L = 0, the covariance term
equals the sample variance and r. equals 1.0; as L increases, the amount of overlap decreases
until the length of record compared istoo small to produce reliable estimates of r.; nis
therefore the number of common data values in the overlapped portion of the data series and
its shifted copy

- since the degree of correlation is symmetric for positive and negative lag shifts, only the
absolute value of L is plotted

- see Davis, p.235 for examples of different autocorrel ative behavior

- across-correlation function can be defined for the comparison of two different 1-D time-series

using the cross-covariance; the equation isidentical, with the appropriate superscripts (z° and z°

denoting the two different variables) added to the z, and z .. termsin equation (4.1) (see Davis,

p.240-243)

- Note: for nominal data (e.g. sediment types in stratigraphic sequences), use cross-association

(eg: correlation between two sequences of rock types) and a non-paramteric test (such asa

c?-test) for significance of match (see Davis, p. 247-250)

2. Regionalized Variable vs. Random Function

- aside from random sampling and analytical errors, a geospatial measurement (the regionalized
variable, e.g. copper content) is considered to be essentially deterministic (non-random), ie: there
exists asingle value of porosity, or one possible copper concentration at a point, or a unique
water level at any given timein a given water well

- key concept: in order to develop spatial correlation statistics from such a variable from which to
make geostatistical estimates at unsampled locations, ther.v. is assumed to represent one
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statistical sample drawn from an infinite number of possible samples all having identical
statistical characteristics; for example, a hydrograph of water level vs. time represents only one
possible statistical sample of the distribution of water levels vs. time drawn from an infinite
number of possible distributions with the same statistical characteristics

- the fictitious domain of all such possible distributions is known as a Random Function (R.F.)
and a single sample of the regionalized distribution of possible porosities or copper contents
drawn from it is called aredlization of the R.F.

- aR.F. isafunction from which values can be drawn which have a variance about a mean,
together with skewness, kurtosis, etc.; each of these statistical measures also depends on spatial
position; therefore, to fully specify a R.F.'s statistical propertiesis atheoretical nightmare and so
in practice many simplifications are used to represent the R.F.

- our task in geostatisticsis to infer the nature of the R.F. controlling the spatial distribution of
the regionalized variable (eg: the available water level or porosity measurements) so that this
function can be used to estimate values of the variable of interest at unsampled locations or times
- thisis analogous to the task of estimating a univariate population distribution (analogous to the
R.F.) from anumber of statistical samples (analogous to the realizations of the R.F.) drawn from
the population; the key difference in geostatistical analysisis that we do not have multiple
samples of the R.F. from which to infer its characteristics, only asingle sample (the geospatial
data representing the regionalized variable) consisting of alimited number of points

- for Star Trek fans. to use a crude analogy, if we could sample water level vs. time at a particular
point in ariver in anumber of parallel universes, we' d be better able to estimate the underlying
R.F., in amanner analogous to the statistician who can draw red and black marbles from a bag
many times to estimate the true proportion of marblesin the bag

- key concept: the mean state of all possible samples of ar.v. would be equal to the average value
of ther.v.within asingle sample; this would be an example of ergodicity (from the Greek for
“wandering”), in other words, a single sample would reflect the statistical character of the R.F.

- the assumption of ergodicity istherefore acrucial one; it is required to infer the properties of
the R.F. from a single realization (the measured copper values or porosities); however,
non-ergodic behavior is common in the real world, but the criteriafor recognizing it are
subjective (see discussion under kriging section, Week 7)

- note that the requirement of ergodicity is not unique to geostatistics: it is an implicit assumption
in al inferential statistics: from estimating the proportion of red and black marblesin a bag, to
inferring a population distribution from a histogram, to estimating a population mean from the
sample mean

- key concept: because we only have one realization to work with in geostatistics, one more key
concept must be introduced if we hope to use statistics to make estimates at unsampled locations:
if homogeneous physical process(es) produced the variability in an r.v. over some area of
interest, then the r.v. will demonstrate the same kind of variability over the entire area as it does
within smaller subareas; in other words, the R.F. from which ther.v. is drawn is stationary, and
statistical homogeneity (stationarity) can be assumed over the entire area; thisis equivalent to
saying that if we divide the study area into smaller parts, each part could be considered a
different realization of the same R.F.; if so, then we can generate statistical estimates from each
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of the smaller parts as akind of surrogate for drawing multiple samples from the R.F. (see
Pannatier, p.77 and Fig.A.2)

- notethat ergodicity requires stationarity, but that stationarity does not imply ergodicity

- there are various degrees of stationarity of the underlying process responsible for generating the
regionalized variable; the type of stationarity assumed determines the kind of statistical inference
that is permitted:

- strict stationarity, in which all the random function’s parameters are invariant from
point to point, is rarely assumed because of the formidable challenge in describing all its
parameters

- second-order stationarity existsif the R.F.'s mean and variance are independent of
location and the covariance depends only on separation or lag between measured values
of the regionalized variable

- the intrinsic hypothesisis the weakest assumption; certain physical processes (eg:
Brownian motion) do not have a definable variance or covariance, but the variance of
their increments does exist (see definition of semivariogram below), in which case the
semivariogram can be defined but other measures of spatial correlation (e.g. covariance)
cannot be used

3. Moments
- the expected value of a Random Function Z(X) at any location X is equal to its mean:

m(X) = E{Z(X)} , assumed constant for a stationary R.F.
(in other words, the R.F. is assumed to have Gaussian pdf characteristics)

- inlinear (two-point) geostatistics, there exist three second-order moments:

variance: Var{Z(X)} = E{[Z(X) - m(X)]?}
=% 2[Z(X) - m(X)]?

covariance: C(X, X+L) = E{[Z(X)- m(X)][Z(X+h) - m(X+h)]}
= E{Z(X)Z(X+h)} - m(X)m(X+h)
=5 Z[Z(X) - Z(x+h)] - m(-h) - m(+h)

semivariogram: (X, X+L) =1/2 E{[Z(X) - Z (X+h)]?} (vaid only if no trend exists)
=70 Z[Z(X) - Z (x+n)]*

- Note: these second-order moments are not a function of location but are only dependant on lag
separation, h

4. Practical Definition of Spatial Correlation Structure for anr.v.

- based on second-order moments

- the term “variogram” is used here as a generic term for a spatial correlation estimator statistic
- specific second-order statistics are defined differently, and are used to better summarize
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non-normally distributed data or data with extreme-valued outliers
- the experimental measure of spatial covariance is defined by:

(4.2) COV(zi, Zisn) = C(h) = 7y Lty (Zi - Zi)(Zish - Zisn)

= XM (Z - Ziwn) - Zi - Zivn

= n_];1 in:h]_(zi : Zi+h) -Z -7+
where z = i" data value at location (x;, y;), h = lag, n, is the number of data pairs separated
by lag h, and the overbars represent the means of the two endpoints of the lag pairs (also often
expressed as - and +)

- the covariance is equal to the sample variancewhen h =0 ie. at zero lag offset, the values of z
and z;., are equal and equation (4.2) equals the definition of variance, thus C(0) = s? at large
values of h, the values of z and z.,, are poorly correlated and C(h) -> 0

- graphically, the theoretical covariance function looks like this:

g2

c(h)

lag, h

- typicaly, if the experimental values of cov(h) level off at large lags, the underlying random
function is assumed to be second-order stationary (ie. its mean and variance are independent of
location, and covariance depends only on lag separation, h); in this case, the spatial covariance
can be expressed as the inverted covariance (sometimes referred to as the non-ergodic
covariance, as in the GeoEas software, because it does not assume that z; = zj. in equation 4.2):

(4.3) C(h)=C(0)- C(h), or C(h)=s2-C(h)

- note that in the presence of atrend, the covariance does not level off and can take on negative
values; in that case, second-order stationarity does not exist

- the semivariogram definition is graphically derived from an h-scatterplot (Hohn, p.91-92)
- plot al values of z., vs. z, that are separated by agiven value of h (in practical terms, a
range of h values)
- the moment of inertia, I, of the cloud of points about the 45° line is defined as:

-1 ¥ 42
Im= Nh Zi:l di
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1:1 line

z(x+h) o 2(x) - 2(x+h)

|

Z(x)

- since the moment of inertiais defined about a 1:1 relationship, aright triangle defines
the relationship between d and [z(x) - z(x+h)]

- therefore, 2d? = (z - z..n)?, and the semivariogram is defined as
44) () =ln=5- 202 - zim)?

- the standardized semivariogram is defined as
a(h) = g(h)/C(0) where C(0) isthe sample variance

- similarly, the correlogram is the spatial covariance standardized (divided) by the
sample variance, and is exactly analagous to the autocorrelation function for
second-order stationarity:
r (h) = C(h)/C(0)
- it takes on a similar form to the other variogram measures when it is expressed as the inverted
correlogram:
r'(h) = 1 - C(h)/C(0)

- the madogram is defined as the mean (sometimes median) absolute difference:
mad(h) = 7z 2112 - Zinl

(for computational definitions of all these statistics, see Deutsch and Journel, p. 45 and Isaaks
and Srivastava, p.59)

- these various estimators of spatial correlation are all defined differently but al can be used to
inform the parameters of spatial correlation structure during modeling

- except for the madogram, these various estimators are exactly equivalent representations
of the underlying R.F. if second-order stationarity exists:

(4.5) r'(h) = C'(h)/C(0) = 1 - C(h)/C(0) = gh)/C(0) = g(h)
- i.e. if the various variogram estimators level off beyond a certain lag then second-order

stationarity can be assumed and the inverted covariance, the semivariogram, the standardized
semivariogram, and correlogram are all equivalent estimators of spatial continuity
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- if the semivariogram does not level off but does not rise faster than the square of h, the random
function is not second-order stationary and is said to obey the “intrinsic hypothesis’; in that case,
only the semivariogram isavalid estimator of spatial continuity and the other estimators cannot
be fitted with a model random function

- if experimental semivariogram values increase as fast as or faster than h?, then the intrinsic
hypothesisisinvalid and the presence of aregional trend isindicated; in order to proceed with
variogram analysis, the trend would have to be removed and variogram analysis and modeling
performed on the residuals

- become familiar with the following nomenclature: nugget; sill; transition region; range of
influence; types of variogram shapes: linear, parabolic, spherical, exponential, gaussian

- Note: in order to analyze variogram structure and to utilize the resulting correlation structure in
subsequent kriging or simulation of a geometrically-deformed body (such as a stratified and
folded reservoir or ore body, or a stratified aquifer of variable thickness, or a dipping geologic
formation), or to avoid numerical instability problems associated with matrices built from
coordinate data of different number size (such as x,y in millions of metersvs z in tens of meters),
coordinate transformations are applied

- one common type of transformation, utilized for folded or variable thickness geologic bodies,
represents the original x,y,z coordinates in stratigraphic coordinates of an equivalent, simpler
tabular body:

__ top(xy)- Z(x.y)
(4.6) Z'(XY) = Thicknessixy)

where z and ' are the original and stratigraphic coordinates, respectively, at location (X,y);
top(x,y) isthe elevation of the top of the original stratified body; and thickness(x,y) isthe
thickness of the geologic body at location (X,y). This transformation "straightens out” a contorted
or variable thickness geologic body and represents it for purposes of correlation structure analysis
and modeling as an equivalent tabular body.
- another common transformation is to change the number size of X,y coordinates to match the
number size of z coordinates; for example, if the range of z isfrom 2500 to 3000 ft above sea
level, but x,y are in state plane feet with values of the order of 500,000, transform the x,y values
as.

(4.7) X' =X- Xmin Y =Y- Ymin

where X,y and x',y" are the original and transformed coordinates, respectively, and Xmin,Ymin are the
minimum values of the x,y ranges (Note: for 2D data, transformation 4.7 may be necessary for
programs such as VarioWin which cannot handle x,y values larger than 5 digits)

5. Computation of Experimental Variograms

- see reading handout (VarioWin’'s Chapter 2 short tutorial)

- concepts: lag bins, mean lags, overlapping bins, variable bins, directional search parameters

- rules of thumb: minimum data pairs per lag bin ca. 20-30; max. lag ca. 1/2 of max. separation
- see hand-out of variography process
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6. Software Comparison

- various variogram programs differ slightly in the manner in which lags are represented for each
lag interval, and the flexibility with which lag intervals can be specified; programs which plot
lags as their weighted means are preferrable because the effects of clustered data on variogram
shape can be visually identified

- GeoEas plots weighted mean lags, and allows specification of unequal lag intervals

- VarioWin plots weighted mean lags, and only alows equally-spaced lag intervals

- GamV 3 aso plots weighted mean lags, and only allows equal lag intervals (but can be recoded
to incorporate unequal lags)

- software such as GeoPack plots centered lags, in which the contribution of clustered data
cannot be discerned from the correlation function plots

7. Problem Set 111. Exploratory Data Analysis 2

- clean up the raw Walker Lake datafile, evaluate the effect of clustering and create a declustered
data set for V using DECLUS, and calcul ate the normal-score transform of the VV data using
NSCORE



